ABSTRACT. A finite group whose irreducible complex characters are rational valued is called a rational group. Thus, G is a rational group if and only if
Introduction
A finite group G all of whose complex character values are rational numbers is called a rational group. Equivalently, a finite group G is rational if all generators of the group x are conjugate in G for every x ∈ G. Then G is a rational group if and only if N G ( x )/C G ( x ) ∼ = Aut( x ) for every x ∈ G. Factor groups of a rational group and the direct product of a finite number of rational groups also have the property of being rational. All symmetric groups and their Sylow 2-subgroups are rational groups. More generally, the Weyl groups of types A n , B n and D n , as well as their Sylow 2-subgroups, are all rational groups. The abelian rational groups are precisely the elementary abelian 2-groups. Kletzing's lecture notes, [6] , presents a detailed investigation into the structure of rational groups. Structure of rational groups have been studied extensively, but the general classification of rational groups has not been able to be done up to now.
In 1976, Roderick Gow [7] proved the fact that if G is a rational solvable group then π(G) ⊆ {2, 3, 5} where π(G) is the set of primes dividing the natural number |G|. In 1988, Walter Feit and Gary M. Seitz [4] determine all non-abelian simple groups which can occur as composition factors of rational groups. Let G be a non-cyclic finite group. By [4] , we know that G is a composition factor of a rational group if and only if G isomorphic to an alternating group or one of the following group P Sp 4 (3), Sp 6 (2), O + 8 (2) , P SL 3 (4), P SU 4 (3). In addition, they proved that G is a non-cyclic simple rational group if and only if G isomorphic to Sp 6 (2) or O + 8 (2) . All these results use the classification of finite simple groups. It is well known that every finite group is isomorphic to a subgroup of some symmetric group (for example, via its regular permutation representation). So, the theory of permutation groups, the oldest branches of group theory, is important to know about the structure of finite abstract groups. Therefore, the subject continues to be an active field of investigation. Starting in early 1900s, much attention has been given to the study of the transitive permutation groups of prime degree. In 1901, by using character theory, W. Burnside proved that every transitive permutation group of prime degree p is either doubly transitive or is solvable with a regular normal Sylow p-subgroup. It is well known that this result leads a complete classification of transitive permutation groups of prime degree. Helmut Weilandt [13] , Noboru Ito [8] , Peter M. Neumann [9] , [10] , [11] and others studied on deciding whether a non-solvable transitive permutation group of some special prime degree must be full symmetric group. In 1976, David Chillag [12] proved that if G is a non-solvable transitive permutation group of prime degree p in which a Sylow p-subgroup has index p − 1 in its normalizer N and the stabilizer of a point in N is inverted by an element of G, then G is the full symmetric group.
Motivated by these studies, in this paper, we show that there is no transitive rational proper subgroup of the full symmetric group of prime degree. So, we obtain that S 3 is a unique rational group which has a simple subgroup of odd prime index.
Main theorems and their results
Ì ÓÖ Ñ 2.1º Let G be a transitive permutation group on Ω where |Ω| = p, p prime. If G is a rational group, then G = Sym(Ω). P r o o f. We can see easily that the theorem is true for p = 2 and p = 3. So, we can assume that p ≥ 5. p | |G| since G is transitive on Ω. So, there exist
. So, we are done by [12] .
RATIONAL PERMUTATION GROUPS CONTAINING A FULL CYCLE
Thus, we see that a rational permutation group of prime degree is the full symmetric group if it contains a full cycle. We also have the following corollaries.
ÓÖÓÐÐ ÖÝ 2.2º Let G be a rational group and H be a subgroup of G such that |G : H| = p where p is prime. Then,
Thus, G/ core(H) acts faithfully and transitively on Ω where |Ω| = p. Therefore, we see that G/ core(H) ∼ = Sym(Ω) ∼ = S p since G/ core(H) is a rational group. So, this completes the proof of (i).
In case (ii), H is not a normal subgroup of G since |G : H| = p = 2. Moreover, core(H) = 1 since H is simple. By (i), we see that G ∼ = Sym(Ω) ∼ = S p and H ∼ = S p−1 . Thus, p = 3 and G ∼ = S 3 since H is simple.
ÓÖÓÐÐ ÖÝ 2.3º Let G be a supersolvable rational group. Then π(G) ⊆ {2, 3}
where π(G) is the set of prime divisor of |G|. P r o o f. We can assume that |G| > 1. Now let p be the largest prime in π(G). There exist H ≤ G such that |G : H| = p since G is supersolvable. By Corollary 2.2, we know that G/ core(H) ∼ = S p . Therefore, π(G) ⊆ {2, 3} since G/ core(H) is solvable. Also, we know that S 3 is a supersolvable rational group and π(S 3 ) = {2, 3}. Theorem 2.1 is not true unless |Ω| is prime. For example, let {e 1 , e 2 , . . . , e n } stand for the canonical basis for R n where n ∈ N. Now, we consider the group
This group is the group of congruence motions of the n-dimensional hypercube. B n acts as a transitive (but not doubly transitive) permutation group on the set Ω = {±e 1 , ±e 2 , . . . , ±e n }. This canonical action is faithful, so B n may be regarded as a subgroup of S 2n . Also, |B n | = 2 n · n! < (2n)! = |S 2n | if n > 1. By [6] , we know that B n is a rational group. Thus, B n is a transitive rational proper subgroup of S 2n if n > 1. Therefore, we see that there exist at least one transitive rational proper subgroup of S 2n for every n > 1. In addition, B n contains a full cycle. But the following theorem says that there is no doubly transitive rational proper subgroup containing a full cycle of the full symmetric group.
Ì ÓÖ Ñ 2.4º Let G be a doubly transitive permutation group on Ω. If G is a rational permutation group containing a full cycle, then G = Sym(Ω).
We know that the socle of any finite doubly transitive group is either a regular elementary abelian p-group, or a nonregular nonabelian primitive simple group by W. Burnside (1911) . This explains the direct relationship between classifying finite doubly transitive groups and classifying finite simple groups. Thanks to this result and the work of Huppert, Hering, Maillet, Howlett, Curtis, Kantor, Seitz and others, all finite doubly transitive groups are known. There are eight infinite families of finite doubly transitive groups. These include the alternating, symmetric, affine, projective groups and groups of Lie type: the symplectic groups, the Suzuki groups, the unitary groups and the Ree groups. The remaining ten groups are the sporadic doubly transitive groups. A doubly transitive group with abelian socle is permutation isomorphic to a subgroup of AΓL d (q) for some d and q, and has degree q d . By [2] , we now list the non-abelian simple groups N which can occur as socles of doubly transitive groups of degree n. Then, by [3] we list the doubly transitive groups containing a full cycle G with the socle N . Table 1 .
Any G with (4) . Therefore, by the list, G = A n (n odd) or G = S n or G = P GL 3 (4) or G = P ΓL 3 (4) where n ≥ 5. We know that P GL 3 (4) is not rational group since |P GL 3 (4) : P SL 3 (4)| = 3. Finally, G = Sym(Ω) since A n and P ΓL 3 (4) are not rational.
ÓÖÓÐÐ ÖÝ 2.5º Let G be a primitive permutation group on Ω where (i) G acts faithfully and primitively on Ω where |Ω| = p k since H is a maximal subgroup of G and core(H) = 1. Thus, G may be regarded as a rational primitive permutation group containing a full cycle of p k degree. By Corollary 2.5, we find that G ∼ = S p k , as desired.
(ii) we know that core(H) = 1 or core(H) = H since H is simple. If core(H) = H, then H is a maximal normal subgroup of G with |G : H| = p k . Thus, |G : H| = 2 since G/H is a simple rational group. If core(H) = H, then we see that G ∼ = S p k and H ∼ = S p k −1 , by (i). So, G ∼ = S 3 since H is a simple group.
